An existence result for the generalized vector equilibrium problem  by Ansari, Q.H. & Yao, J.-C.





An Existence Result  for the General ized 
Vector Equi l ibr ium Prob lem 
Q. H. ANSARI* 
Department of Mathematics 
Aligarh Muslim University 
Aligarh - 202 002, India 
J.-C. YAO 
Department of Applied Mathematics 
National Sun Yat-sen University 
Kaohsiung, Taiwan, R.O.C. 
(Received May 1998; revised and accepted April 1999) 
Abst rac t - - In  this paper, we prove an existence result for the generalized vector equilibrium 
problem by using Fan-Browder type fixed-point heorem due to [1]. (~) 1999 Elsevier Science Ltd. 
All rights reserved. 
Keywords--General ized vector equilibrium problems, Fixed points, Cx-quasiconvex-like multi- 
functions. 
1. INTRODUCTION AND PRELIMINARIES 
Let X and Y be two topological vector spaces. Let K be a nonempty convex subset of X and 
F : K × K --* 2 Y be a multifunction, where 2 A denotes the set of all nonempty subsets of set A. 
Let C : K --~ 2 w be multifunction such that for each x E K, C(x) is a closed convex cone with 
int C(x) ~ O, where int C(x) denotes the interior of C(x). Then, we consider the generalized 
vector equilibrium problem (in short, GVEP)  is to find 
E K such that  F(5:, y) ~ - in t  C(~), for all y e K. (1) 
This problem was considered by Ansari et al. [2] and Oettli and Schl~iger [3] which includes vector 
variational inequality and vector equilibrium problems as special cases (see, for example [4-15] 
and references therein). 
The main object of this paper is to establish an existence result for GVEP  by using Fan-Browder 
[16,17] type fixed-point heorem due to [1]. 
A multifunction T : X --~ 2 v is said to be upper semicontinuous on X if, for each x0 E X and 
any open set V in Y containing F(xo), there exists an open neighborhood U of x0 in X such that  
F(x) C V for all x E U. 
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Let T : X --~ 2 Y be a multifunction. The graph of T, denoted by G(T), is 
g (T )={(x ,z )EXxY:xEX,  zET(x )} .  
The inverse T -1 of T is the multifunction from T~(T), range of T, to X defined by 
x E T - ' (y )  if and only if y E T(x). 
We shall use the following Fan-Browder type fixed-point heorem due to [1] to prove the main 
result of this paper. 
THEOREM 1.1. Let K be a nonempty convex subset of a Hausdorff topological vector space X.  
Let T : K --* 2 g be multifunction such that 
(a) for each x E K, T(x) is nonempty convex subset of K; 
(b) for each y E K,  T- l (y )  contains relatively open subset Oy of K (Oy may be empty for 
some y 6 K)  such that UxeK Ox = K; 
(c) K contains a nonempty subset Do which is contained in a compact convex subset DI 
of K such that the set D = NxeDo O~ is either empty or compact, where O~ denotes the 
complements of Oz in K. 
Then, there xists a point xo E K such that xo E T(xo). 
2.  EX ISTENCE RESULTS 
Let X and Y be two topological vector spaces and K be a nonempty  convex subset of X .  
A mult i function F ": K x K --* 2 v is called Cx-quasiconvex-like if, for all x, yl,y2 E K ,  and 
a E [0, 1], we have either F(x, ayl + (1 - a)y2) C F(x, Yl) - C(x) or F(x, ayl + (1 - a)y2) C_ 
F(z ,  Y2) - C(x). 
To show the class of Cx-quasiconvex-like multifunctions is nonempty, we give the following 
example. 
EXAMPLE 2.1. Let K - [0, 1], C(x) = [0, +oc),  for all x E K .  We define F : K x K --* 2 ~ by 
F(x ,  y) = [x, y + 1], for all x, y E K. 
For all x, yl,y2 E K and 0 < a < 1, we note that  
if Yl -< Y2, then ayl + (1 - a)y2 <_ Y2 
and 
if Yl > Y2, then ay l  + (1 - a)y2 _< Yl. 
Therefore, we have for each t E F(x,  ayi + (1 - a)y2), 
(Y2 + I )  - [ (Y2  + I) - t ] ,  
t = (Yl + 1) [(Yl + 1) - t], 
Yl <_ Y2, 
Yl > Y2. 
Hence, we have either F(x, ayl + (1 - a)y2) C_ F(x, yl) - C(x) or F(x, ayl + (1 - a)y2) C 
F (x ,  Y2) - C(x). Thus, F is Cx-quasiconvex-like. 
Now we are ready to prove the following main result of this paper. 
THEOREM 2.1. Let K be a nonempty convex subset of a Hausdorff topological vector space X 
and Y be a topological vector space. Let F : K x K -~ 2 v be a multifunction. Assume that 
(i) C : K --* 2 v is a multifunction such that for each x E K, C(x) is a dosed convex cone 
in Y with int C(x) ~ 0; 
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(ii) W : K --* 2 Y is a multifunction defined as W(x) = Y \ {- in t  C(x)}, for each x • K such 
that the graph of W is closed in K x Y; 
(iii) for each y • K, F(., y) is upper semicontinuous with compact values on K; 
(iv) there exists a multifunction G : K x K --~ 2 y such that 
(a) for each x E K, G(x, x) ~= - in t  C(x), 
(b) for each x, y E K, F(x, y) C - int  C(x), implies G(x, y) C - in t  C(x), 
(c) G is C~-quasiconvex-like on K; 
(v) there exists a subset Do contained in a nonempty compact convex subset D1 of K such 
that for each x E K \ D1, there exists y • Do with F(x,y) C_ - in t  C(x). 
Then, the solutions et S = {x • K : F(x, y) ~ - in t  C(x), for all y • K} is a nonempty and 
compact subset of D1. 
PROOF. We define Q(y) = {x • K :  F(x,y) ~ - in tC(x )} ,  for all y • K. Then the solution set 
S = NyeK Q(Y)" We note that for each y • K, Q(y) is closed. 
Indeed, let {x~}~eA be a net in Q(y) such that {x~} converges to x. Then we have F(x~, y) 
- in tC(xA)  for each y E K, that is, there exists z ~ E F(x~,y) such that z ~ ~ - in t  C(x~), or 
z ~ • W(x~), for a l lA•  A. Let A= {x ~}U{x}.  Then A is compact andz~ • F(A,y)  which 
is compact. Therefore, {z~} has a convergent subnet with limit z. Without loss of generality, 
we may assume that {z~} converges to z. Then, by the upper semicontinuity of F(., y), we have 
z • F(x, y). Also since W has a closed graph in K × Y, we have z • W(x). Consequently, 
z • F(x, y) and z ~ - in t  C(x), i.e., F(x, y) ~ - in t  C(x). Hence, x E Q(y) and so Q(y) is closed 
as claimed. 
Now we shall prove that the solution set S is nonempty. Assume to the contrary that S = ~, 
if possible. Then, for each x E K,  the set 
P(x) = (y • K : x ~ Q(y)) = {y • K :  F(x,y) C_ - in tC(x )}  ¢ 0. 
From Assumption (iv)(b), we have, for each x • K, 
g(z )  = {y • K :  G(x,y) C_ - in t  C(x)} D {y • K :  F(x,y) C_ - int C(x)} = P(x), 
and hence, for each x • K, H(x) is nonempty. Also, for each x • K, H(x) is convex. 
To see this, let Yl,Y2 • H(x), then for each x • K, G(x, yl) C_ - in tC(x )  and G(x, y2) C_ 
- in t  C(x). Since G is Cz-quasiconvex-like, for all c~ E [0, 1], we have either 
G(x,(~yl + (1 - c~)y~) C G(x, yl) - C(x) C_ - in t  C(x) - C(x) C_ - in t  C(x) 
or  
G(x, aYl + (1 - a)Y2) C_ G(x, Y2) - C(x) C_ - in t  C(x) - C(x) C_ - in t  C(x). 
In both cases, we get G(x, ayl + (1 - a)Y2) C - in tC(x ) .  Hence, aYl + (1 - c~)y2 E H(x), 
and therefore, H(x) is convex. Thus, H : K --~ 2 g defines a multifunction such that for each 
x E K, H(x) is nonempty and convex. Now for each x E K, the set 
H-l(y)  = {x 
= {x 
D {x 
E K :  y E H(x)} 
• K:  C(x, y) c_ -int C(x)} 
E K :  F(x,y) C - in t  C(x)} 
= {x e F(x ,  y) - in t  C(x)} c 
= [Q(y)]c 
Oy, 
which is a relatively open set in K. From Assumption (v), for each x E K \ D1, there exists 
y E Do such that F(x, y) C - in t  C(x), that is, x ~ Q(y). This implies that D = NyeDo O~ = 
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NycDoQ(y) C D1. Since Oy = {x E K : F(x,y) C_ -intC(x)}p-l(y), we get UyeKOy = 
UyEK p-l(y) = K. 
To see this, let x E K. As P(x) ~ 0, we can choose y E P(x). Hence, x E p - l (y )  = Oy. By 
Theorem 1.1, there exists a point 2 E H(2), that is, G(2, 2) c - in t  C(2), which is a contradiction 
of Assumption (iv)(a). Hence, the solution set S is nonempty. We conclude the proof by noting 
that S = Nyeg Q(Y) being a closed subset of the compact set D = NyeDo Q(Y) is compact and 
this completes the proof. 
REMARK 2.1. When Y = R, C(x) = ~+, and F and G are single-valued maps from K × K 
to R, Theorem 2.1 reduces to Lemma 2.1 in [18]. 
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